Abstract
Introduction
As industrial robots leave the confines of cages to work alongside and in collaboration with human workers, novel human-robot paradigms are resulting in new challenges that need to be overcome. The scenario illustrated in Figure 1 shows a collaborative robotic manipulator used to assist a human operator who performs a task using a tool attached to the end-effector. Motions of the tool are controlled by the human operator via direct physical interaction with the robot, which assists the human by supporting the physical workload. Physically assistive robotics has been a topic of research for some time (Colgate et al., 2003; Kazerooni, 1990; Makinson, 1971) and it is now set to become commonplace in industry as exemplified by the release of new standards for human-robot collaboration (ISO, 2016 ).
An intrinsic challenge in controlling robots that physically interact to collaboratively perform tasks with humans arises due to the finite workspace of the manipulator. A human performing a task using a tool attached to the end-effector is confined to operate within the reachable workspace of the robot. Furthermore, safe and stable operation is only possible within a smaller region due to kinematic singularities that exist at the boundaries and throughout the reachable workspace. Hence, and particularly for a manipulator with a small range of motion, it is likely that the human operator will at some point during tasks attempt to operate the robot in close proximity to kinematic singularity.
Kinematic singularity is a fundamental problem that is widely researched in robotics which causes a degree of freedom to be lost, and can negatively affect the ability of a robot to perform tasks. Near singularity, motions of the endeffector require large and often unobtainable velocities at the joints, resulting in a robot behavior that can be unpredictable and dangerous, effectively reducing the workspace in which it can operate. In applications involving physical human-robot interaction (pHRI) the challenge of operating near singularities is made more difficult due to the requirement of the human's safety and comfort. Many methods for achieving robust robotic behavior in the proximity of singularities have been proposed (Deo and Walker, 1995; Oetomo and Ang Jr, 2009 ) with evaluation of these methods typically based on their ability to maintain stability whilst simultaneously maintaining trajectory-tracking performance. Human interaction, in particular how the physical interaction feels to the human user, is not considered when developing or evaluating methods for handling singularities since it is nonexistent in traditional applications. Collaborative robots on the other hand operate very differently, often with the human operator forming part of the control loop. Hence, the priorities when developing a control system are different, with ensuring human safety and comfort taking precedence. This requires new factors to be considered and new methods to be developed.
In this work we present a framework for handling operation of a robotic manipulator in the presence of kinematic singularity, developed with physical human interaction and how this interaction feels to the user in mind. The framework applies a variation of damped-least-squares (DLS) that incorporates an exponentially shaped damping profile along singular directions. The user experience is improved by using an asymmetric damping scheme which increases damping for motions towards singularity more than motions away from singularity. Virtual forces with bounded magnitudes are used to subtly guide the robot away from singular configurations, allowing the operator to focus on the task rather than on the kinematic condition of the manipulator. We verify the framework in simulations on a PUMA 560 manipulator, and then experimentally test it on a real robotic system using an admittance control scheme.
The remainder of the article is as follows. Section 2 describes existing methods for handling robot operation near singularity, and how existing methods are not ideal for physical human-robot interaction. Section 3 presents the components of the proposed framework. Section 4 verifies the framework in simulation with a PUMA 560 manipulator. Section 5 verifies the framework experimentally with a UR10 manipulator. Section 6 discusses limitations and future work of the presented framework.
Related work

Task-space formulation
Although low level control is naturally performed in the joint-space of a robot, the task to be performed is typically expressed in a suitably defined task-space (Chiaverini et al., 2008) . Typically, this task-space has m = 6 dimensions, three representing the position of the end-effector and three forming a minimal representation of its orientation. The vector t ∈ R m represents the end-effector pose in this taskspace, for example using cartesian coordinates for position and Euler angles for orientation. With the joint coordinates represented by vector q ∈ R n , the task-space coordinates are related through a nonlinear forward kinematics function t = κ(q). The first-order derivative of this functioṅ
describes the relationship between the joint velocities and corresponding end-effector velocities in task-space coordinates, whereq ∈ R n is the vector of joint velocities, t ∈ R m is the vector of end-effector task-space velocities and J t ∈ R m×n is the task Jacobian matrix. The task Jacobian matrix is dependent on the choice of representation for end-effector orientation. End-effector velocities can instead be represented by a spatial vector x ∈ R 6 containing a linear velocity vector v ∈ R 3 and angular velocity vector ω ∈ R
The relationship between x andq is another Jacobian matrix J ∈ R 6×n called the geometric Jacobian
The spatial and task-space representations of end-effector velocity are related by the transformation matrix (t) ∈ R m×6 asṫ
which also relates the geometric Jacobian to the task Jacobian matrix
Defining kinematic singularity
Desired motions of the manipulator are often described as task-space end-effector velocitiesṫ. Control of the manipulator requires calculation of the corresponding motion at the joint level so as to achieve the desired end-effector motion. For velocity-based control this is typically found using the Jacobian inverse J −1 t or pseudoinverse J + t for non-redundant or redundant manipulators, respectivelẏ
In the neighborhood of a singular configuration the Jacobian matrix degenerates and solutions to equation (6) become poorly conditioned. In mathematical terms, the matrix J t becomes singular, with its rank being less than the number of task-space dimensions m. From equation (5) it can be understood that singularity can occur from either and/or J becoming rank deficient (Chiaverini et al., 2008) . The case where is rank deficient is called representation singularity and depends on the choice of minimal representation for task-space orientation. This type of singularity does not reflect true physical limitations of motion capability, and methods for handling such singularities are well established. Instead, this work focuses on the case where J is rank deficient. This is called kinematic singularity, which does represent the true degeneration of motion capability independent of the task-space representation chosen. This work presents a framework for handling operation in the presence of kinematic singularity, which will be referred to simply as singularity for the rest of this paper. Insight into the degeneration that occurs near singularity can be obtained by examining the singular value decomposition (SVD) of J and its inverse. The SVD is expressed as J = U V T , with U ∈ R m×m and V ∈ R n×n both orthonormal matrices. Matrix ∈ R m×n contains the singular values (σ 1 , σ 2 , . . . , σ m ) of the Jacobian matrix along its main diagonal with σ i ≥ σ i+1 ≥ 0, and zeros for all remaining elements. At singularity the smallest singular values become equal to zero, and motions along the corresponding spatial directions are no longer possible. The SVD of the inverse Jacobian matrix is
Examining equation (7) shows that the main diagonal elements contain the reciprocal of each singular value. Since σ m approaches zero at singularity it becomes apparent how the inversion becomes numerically unstable.
Existing singularity handling methods
A variety of methods for handling the operation of robots near singularity have been proposed. The following is a non-exhaustive summary of commonly utilized methods.
Trajectory replanning.
A common task for robots is the execution of preplanned motions. It therefore may be convenient to handle singularities by simply avoiding singular configurations during the planning stage. This approach can be straight forward when dealing with singularities naturally characterised in the task-space, but can be difficult for singularities such as wrist-lock that can occur throughout the entire workspace (Chiaverini et al., 2008) . Since these solutions rely on preplanned paths they are not suited to applications in which motion commands are generated in real-time, as is typically the case during physical human-robot interaction.
Damped least squares.
Damped least-squares (DLS) is a widely adopted approach which sacrifices exactness of the inverse kinematic solution to produce a modified Jacobian matrix that remains well-conditioned near singularity. Proposed independently by Nakamura and Hanafusa (1986) and Wampler (1986) , DLS obtains feasible joint velocities by minimizing the norm of the residual tracking error combined with a term relating to the magnitude of the joint velocities. This problem can be posed as
which has the solutioṅ
with J * being what we refer to as the damped inverse of Jacobian J. The scalar term λ sets a weighting to the velocity component. It is noted that this formulation of DLS is in fact a special case of a more general form that includes weighting of the task and joint space dimensions (Deo and Walker, 1995) . The form shown here is the special case where each task-space and joint-space dimension are given unit weighting. As well as solving the inverse velocity problem, DLS has also been applied at the positional level (Goldenberg et al., 1985) , for resolved-rate acceleration control (Wampler and Leifer, 1988) and local torque optimisation (Ma et al., 1991) .
Performing SVD on the damped inverse Jacobian produces
The effect of the damping term λ is such that when far from singularity (σ > > λ) the main diagonal elements of * are similar to −1 , resulting in the robot performing as if little to no damping is applied. As the robot approaches singularity (σ m → 0), the denominator of the undamped diagonal term approaches zero, whereas with damping this denominator approaches λ 2 and hence the term remains numerically stable.
A larger damping parameter λ improves stability near singularities at the cost of tracking performance. It is understood that selection of an appropriate damping term is important to achieve desirable robot behavior. Wampler (1986) chose a constant value for λ based on a bound in the residual error and estimates of the condition of the Jacobian. Problems with using a constant damping factor are that it can be difficult to achieve both good tracking performance when far from singularity and stable behavior near singularity. Variants of DLS have been proposed that dynamically adjust the damping according to factors such as the condition of the Jacobian. Nakamura and Hanafusa (1986) proposed a damping factor that adjusts according to a measure of robot manipulability, w = det( JJ T ). Kelmar and Khosla (1988) utilized a dynamic damping factor based on the rate of change of the manipulability measure. Maciejewski and Klein (1988) developed a numeric filtering that applied a variable damping coefficient to the smallest non-zero singular value based on the distance to the target. Buss and Kim (2005) extended this work in an approach named selectively damped least squared in which all singular values are damped based on the difficultly in reaching the target position.
Jacobian transpose method.
Given a desired endeffector pose t d and actual pose t, the Jacobian transpose can be used to iteratively step the robot towards it using equation
, for small α (11) for some appropriately small value for α. This method was first used by Balestrino et al. (1984) and Wolovich and Elliott (1984) to perform inverse kinematics for robots. This method of using the Jacobian transpose can be thought of as using a virtual force that guides the robot towards the desired position. Since this method does not require inversion of the Jacobian, numerical problems near singularities are avoided whilst also being computationally efficient.
Methods used for handling singularity in pHRI applications
Robots controlled via physical interaction with humans do not simply execute preplanned motions, but instead perform real-time sensory control in which motion commands are generated online in response to the measured human interaction. Since motions are computed online, methods that avoid singular configurations at the planning stage cannot be utilized. Wearable robots such as exoskeletons can have a larger reachable workspace when they are not being worn, as they are not limited by the human operator's natural range of motion. This provides an opportunity to develop a kinematic design that positions the singularities outside of the reachable workspace of the human operator, effectively ensuring they will not be reached during operation (Gupta et al., 2008) . Design methods that optimize the mechanism to avoid singularity during operation have been proposed (Carmichael et al., 2015; Carmichael and Liu, 2014) . Completely avoiding singularities for articulations such as the human shoulder which has a naturally large range of motion is challenging, with designs often settling for positioning singularities close to the edge of the workspace (Ball et al., 2007; Carignan et al., 2009; Perry et al., 2007) . Additional joints can be used to add redundancy that mitigates the singularity problem (Lo and Xie, 2013) .
Generally, robots that operate with humans cannot avoid singularities through mechanical design alone, and control methods for handling operation near singularity that maintain safe and stable behavior are required. Much of the literature detailing robotic systems that physically interact with humans do not specify what techniques are employed when operating near singularities, and the literature that does detail the methods used are typically implementations of the same methods used in non-pHRI applications. Sharifi et al. (2013) presented a singularity-free approach for operating a PUMA 560 manipulator during rehabilitation tasks. The workspace was divided into regions based on proximity to singularity, and the control mode switched depending on what region the robot operated in. In the neighborhood of singularity DLS was implemented, and when very close to singularity the Jacobian transpose method was used. Maneewarn and Hannaford (1999) investigated a method for providing a human operator with haptic feedback relating to the kinematic condition of a robotic manipulator during tele-operation tasks. The proposed method defined a boundary surface surrounding the singular configuration. When this boundary was crossed, haptic feedback forces were fed to the operator to raise awareness of the singularity and guide them away from it. DLS was also utilized to ensure stable operation near singularity. Albu-Schäffer et al. (2007) developed a lightweight seven degrees-offreedom (DOF) manipulator that is safe for human interaction. Singularity is handled by using null-space motion to maximize robot manipulability. Singularities that cannot be avoided by null-space motion were avoided using virtual force fields.
Framework for singularity handling in pHRI applications
The aim of the framework is to achieve a robot behavior when operating near singularity that is well suited for applications involving physical human-robot interaction. We propose that the framework is required to have the following properties:
• prevent erratic motions due to singularity;
• have a minimal effect on motions when operating away from singularity; • continuous and gradual activation of any singularity handling mechanisms; • motions towards singularity are discouraged;
• guidance forces bound to safe magnitudes.
The framework consists of three main components which when combined address each of the requirements listed above. The prevention of erratic motions near singularity is achieved by using a variation of damped least squares. Novel to this variation of DLS is the use of an exponential function to scale the damping, allowing the damping profile to be shaped. The exponential function also ensures damping is applied continuously with smooth transition across the entire workspace, unlike existing methods that introduce discontinuities by using a threshold to determine when damping should be applied. Motions towards singularities are discouraged by two components of the framework. An asymmetric damping scheme allows more damping to be applied to motions that move the robot towards singular configurations. Virtual repulsive forces are also used to guide the operator away from singularities. An important part of the framework is the use of a logistic function to shape the virtual forces according to their distance to singularity, meaning that the forces applied to the human are bounded and also non-existent when operating far from singularity. The following sections detail each of the three main components within the framework.
Exponentially damped least squares
Conventional DLS, although an effective and popular approach for maintaining stable operation near singularities, has several characteristics that can make it less than ideal for physical human-robot interaction. The damping that DLS introduces attenuates motion of the robot in response to commands. To a human operator controlling the robot via physical interaction, this damping produces a viscous sensation which reduces the responsiveness of motions and can feel undesirable. Selection of the damping factor λ is important as it affects the feel of the robot. When using a constant damping factor it may be difficult to find a value Fig. 2 . Example of the exponential function s( σ ) used to scale the singular values of the inverse Jacobian. The shape of the function is set using three parameters; σ + , σ − and β with 1
In the example shown σ + = 0.3, σ − = 0.1 and β = 0.02. that simultaneously ensures stability when near singularity whilst not negatively affecting motions when away from singularity (Deo and Walker, 1995) .
To achieve damping that has characteristics favorable for pHRI, a variation of DLS named exponentially damped least squares (EDLS) is presented. Reciprocal singular values of the inverse Jacobian matrix are scaled using function
to maintain numerical stability as the singular values approach zero. This scaling function, plotted in Figure 2 , is parameterized by σ + , σ − and β with 1 β > 0, and σ + > σ − ≥ 0. With a small value of β, the output of equation (12) for an input σ ≥ σ + is 1. In this work a value of β = 0.02 was chosen. As the input is decreased below σ + the output decreases smoothly, until σ ≤ σ − where the output is set to zero. This exponential scaling produces a smooth transition between undamped and fully-damped operation, which can be tuned using σ + and σ − to achieve different behaviors and change the feel to the human user.
Equation (12) is used to scale the diagonal elements of the −1 matrix as a function of its singular values. When a singular value is above σ + the scaling factor is approximately 1 and hence the robot behaves almost identically to being completely undamped. Conversely when a singular value is below σ − the scaling factor is approximately 0 and motion in the singular direction is entirely attenuated. Fig. 3 . Comparison of the reciprocal singular values calculated using three different methods. The undamped method shows the reciprocal of the singular value of a Jacobian matrix if it were simply inverted. The DLS method shows the reciprocal singular value when the matrix is inverted using damped least squares. This is repeated with damping set to λ = 0.10, λ = 0.05 and λ = 0.03. The EDLS plot shows the reciprocal singular values when calculated using the proposed exponential scaled damping. It is seen how the proposed approach better matches the undamped case when σ > σ + , and as σ reduces the damping smoothly increases until σ ≤ σ − where it becomes entirely damped.
Figure 3 shows the reciprocal of the singular value calculated using the proposed EDLS method compared with conventional DLS and without damping. With no damping the reciprocal of the singular value increases rapidly as σ approaches zero, causing numerical instability. The plots show how this degeneration can be managed using DLS, however, there is a tradeoff with respect to the damping value utilized. Stability is increased by using a large damping value but results in the system behavior being significantly different compared to the undamped case, even when operating far from singularity. This deviation can be reduced by using a smaller damping value, but can lead to system instability when operating near singularity. For the EDLS plot, the reciprocal of the singular value above σ + closely matches that calculated in the undamped case, meaning that the system behaviors are almost identical.
A benefit of EDLS is that the damping profile can be adjusted to improve the feel of operation to the human user. Figure 4 shows how σ + and σ − can be set to shift where the damping starts as singular values decrease, and the sharpness of transition between undamped and fullydamped operation. A useful property is that the σ − parameter can be set to a value above zero such that motions along singular directions are fully damped before the corresponding singular value reaches zero. This is particularly useful for singularities such as the elbow-lock which can produce dangerous forces even in torque limited robots (Haddadin et al., 2009 ). To reach elbow-lock requires the manipulator to move along its singular direction. By setting σ − > 0 the EDLS scheme creates a safety margin around the singularity, stopping it from being reached without the need for additional measures such as virtual repulsion forces.
Degenerate directions of the manipulator are not confined to exist in translational or rotational dimensions alone. Rather, coupling can exist which causes the degeneration to occur in directions that cannot be visualized in 3D space (Oetomo and Ang Jr, 2009 ). Since it is intuitive to think of the motions of a tool attached to the end-effector as having decoupled translational and rotational components, applying damping to coupled degenerate directions will likely have a negative effect on the intuitiveness of the control, especially when operating near singularity. This notion was supported by initial testing performed when first implementing the EDLS scheme on a manipulator, with undesirable and non-intuitive motions being observed. The feel of the interaction to the user was significantly improved by applying the EDLS scheme to the linear and angular submatrices of the Jacobian independently, although a thorough study to evaluate this is yet to be conducted. A formulation for performing EDLS with decoupled linear and angular components is provided in Appendix 2.
Asymmetric damping
Conventional DLS applies damping independent of whether commanded motions are headed towards or away from singularity. As a result, when the robot is near a singular configuration and the human operator is commanding the robot away from the singularity, significant levels of damping are still applied. Based on our observations of human-robot interaction this behavior results in a negative sensation for the operator. An analogy for this sensation may be as follows: Imagine you were about to walk into an invisible wall. A damping force impedes you from colliding; but this damping also impedes you from walking away from the wall. An improved behavior can be achieved by developing an asymmetric damping scheme that applies decreased damping for motions that move the manipulator away from singularity. As well as improving the feel for the operator, asymmetric damping also has the benefit of encouraging motions that move the robot away from singularity rather than towards it.
Using the EDLS scheme presented in the last section, two damping profiles labeled A and B are defined using two sets of parameters {σ Figure 5 shows how two damping profiles can be created which apply different levels of damping with respect to the singular value. Motions that are determined to be headed away from singularity are damped using profile A, and conversely if headed towards singularity then profile B is applied. To determine if the manipulator is headed towards or away from singularity the value of the smallest singular value of the Jacobian matrix, σ m , is used. If a desired motion would cause σ m to increase we consider that this motion is headed away from singularity and vice versa. Developing an analytical expression for the rate of change of σ m for a given velocity can be difficult depending on the manipulator, so instead a finite difference method is used. Given the desired spatial velocity command x the approximate joint positions at the next time stepq are calculated aŝ If the Jacobian becomes ill-conditioned due to singularity then the Jacobian transpose method given by equation (11) can instead be used. The kinematic Jacobian for the future joint vectorq is calculated aŝ
and its smallest singular valueσ m calculated. This value is compared to the smallest singular value σ m of J to determine if the command x moves the robot towards or away from singularity
Singularity repulsion using potential fields
Damping is an effective strategy to mitigate poor behavior in proximity to singularity. However, damping alone does not guide the operator away from singular configurations. The potential field concept can be used to generate virtual forces and torques that repel the robot away from undesirable configurations such as collisions and singularity (Khatib, 1985) . We utilize this concept to define virtual forces that guide the operator away from singular configurations in a manner suitable for pHRI.
There is a key difference between the interaction forces produced from virtual repulsion and those resulting from damping. Damping force always opposes motion of the robot. Because it is dissipative the magnitude of the force does not need to be limited for it to be considered safe. Virtual forces which are designed to guide a user away from singular configurations can add energy into the humanrobot system. These forces need to be kept within appropriate limits to ensure operator safety. Khatib suggested a potential field function that increases as the robot becomes closer to the configuration being repelled, and becomes infinite at zero distance. Utilizing an unbounded force function is considered inappropriate for pHRI. To ensure a bounded and smooth repulsion away from singular configurations a logistic function can be used to scale the forces magnitudes, ensuring they are limited between zero and a predefined upper limit (Chotiprayanakul et al., 2007) . The logistic function
shown in Figure 6 and in turn used to calculate a virtual spatial wrench f Task-space coordinates
Joint-space coordinates
that repels the robot away from the corresponding singular configuration. The gradient of the potential field ∇d( ·) is used to direct the wrench away from singularity. The magnitude of the wrench is determined using the distance to singularity which is shaped using the aforementioned logistic function given by equation (18). The result is multiplied by diagonal matrix K containing the maximum force and torque magnitudes we allow to be applied to the human operator in each spatial dimension. The gain matrix also allows the repulsive force to be limited to specific taskspace dimensions, for example repulsive forces in the rotational task-space (repulsive torques) can be disabled by setting the appropriate rows of the gain matrix to zero. It is preferred that fields be defined in task-space coordinates as the resulting repulsive forces will likely feel more intuitive to the user than if defined in the joint-space of the robot. However, for some singularities such as wrist-lock, it is simpler to define a distance-to-singularity potential field in joint-space as this singularity can occur throughout the entire workspace of the robot.
Simulation
The three components in the proposed framework are verified in simulation using the Robotics Toolbox for MATLAB (Corke, 2011) with the PUMA 560 manipulator used as the simulated platform. The PUMA 560 has six joints and six task-space degrees of freedom. The simulated manipulator is controlled by a virtual wrench applied to the endeffector mimicking the interaction between the robot and a human operator. The wrench is applied at the center of the wrist such that it directs the end-effector towards a target pose with a constant magnitude of 5N until the target is reached. Through using admittance control this virtual wrench is converted into a velocity command, which is followed using resolved-rate motion control. Admittance gain in linear dimensions is set to 0.1 (m/s)/N, while zero gain is set for angular dimensions since the simulated endeffector motions are purely translational. Formulation of the simulated control is provided in Appendix 3.
Avoiding elbow-lock using EDLS
The simulated manipulator is started in the configuration shown in Figure 7 . It is then guided towards a target configuration that causes the manipulator to reach elbow-lock singularity. EDLS is utilized to achieve smooth and stable motion as the singularity is approached. EDLS is set with σ − = 0.1 and σ + = 0.2. In this simulation no asymmetric damping or repulsive forces are utilized. A second simulation using conventional DLS with a fixed damping factor of λ = 0.05 is performed for comparison. Figure 8 shows the results from the two simulations. It is observed that for conventional DLS, although the motion was stable due to the damping, the manipulator continued to move towards the target until it was fully extended at singularity. Using EDLS the manipulator extended with no damping until the minimum singular value dropped below σ + , at which point damping is smoothly increased. The manipulator slows smoothly until it stops with its minimum singular value equaling σ − . This demonstrates how the EDLS scheme can be used to enforce totally damped behavior along degenerate directions to achieve a margin around singular configurations and stop them from being reached.
Asymmetric damping
Asymmetric damping is verified in simulation by guiding the robot in and then out of elbow-lock. The robot begins in Fig. 9 . Asymmetric simulation results. Motion along the x-axis over time shows that both the asymmetric and non-asymmetric EDLS simulations had identical motions approaching the target position. After 2 s, when the target is changed to be in the original starting position, it is observed how the asymmetric damping simulation (dashed curve) quickly heads towards the new target. The non-asymmetric simulation is slow to respond due to the large damping being applied.
the starting configuration shown in Figure 7 and is guided towards the target by a virtual force, causing the manipulator to approach elbow-lock singularity. After 2 seconds the virtual force is redirected to move the robot back to the original starting position. Asymmetric damping is implemented with two damping profiles; {σ End-effector motion towards and away from the target is predominantly along the x-axis. Figure 9 shows the x-axis position during the simulation. End-effector motion is identical during the first 2 seconds as elbow-lock is approached due to the same damping profile being applied. After 2 seconds, when the motion is redirected away from elbow-lock singularity, the simulation utilizing asymmetric damping moves towards the new target at a much higher speed. The faster motion is due to the decreased damping being applied since the desired motion directs the manipulator away from singularity. The asymmetric damping effectively negates the hesitation that is experienced when the robot initially attempts to move away from singularity, which is expected to result in a much improved experience for a human operator controlling the robot via physical interaction. Since the damping is only reduced and not entirely removed the motions remain stable.
Repulsion away from head-lock singularity
The use of repulsive forces is validated by simulating the PUMA 560 performing a motion that passes close to headlock singularity. Unlike elbow-lock, the degenerate direction associated with head-lock is not in the same direction that moves the manipulator towards the singularity. This means the EDLS scheme which was shown to be effective in avoiding elbow-lock will not prevent headlock (or similarly, wrist-lock) from occurring since nullspace motions only cause the degenerate direction to be repositioned. Instead the repulsive force method is used to guide the robot away from singular configurations such as head-lock. Head-lock singularity on the PUMA 560 occurs when the wrist is located directly above joint one as shown in Figure 10 . The loci of end-effector positions corresponding to head-lock singularity form a cylindrical surface of radius 0.15 m around the axis of joint one. In Cartesian space the distance to head-lock singularity can be expressed as the Euclidean distance to this surface
The direction of the repulsive force is calculated from the gradient of the square of this distance function
An expression for the virtual force repelling the robot away from head-lock singularity is then formulated as
with matrix K = diag ( [10, 10, 0, 0, 0, 0] ). The first two gains limit the repulsive force in the first two task-space directions to a maximum of 10 N. Remaining elements of K are set to zero since the manipulator distance to headlock singularity is independent of these task-space dimensions, as shown in equation ( In between the start and end positions exists the head-lock singularity which the robot must navigate to reach the target. Figure 11 shows the motions calculated using traditional DLS (λ = 0.05), EDLS (σ − = 0.05, σ + = 0.2) and EDLS with the virtual repulsion force (σ − = 0.05, σ + = 0.2). The results show that the DLS and EDLS produce similar motions with the end-effector path tracing the head-lock loci. EDLS with the repulsive force did not become singular, instead maintaining a margin from singularity due to the repulsive force.
Experimental evaluation
The framework is implemented on a real collaborative robotic system for validation and to gauge its suitability for pHRI applications. Figure 12 shows the experimental platform utilizing a UR10 manipulator from Universal Robots. Fig. 11 . Simulation results avoiding head-lock singularity using repulsive force. Results using conventional DLS and the proposed EDLS with no repulsive force both followed similar paths, causing the end-effector to pass close to the singularity loci. EDLS with the repulsive force maintained a greater distance from singularity as the manipulator approached the target position. The UR10 is a collaborative robot meeting ISO 10218-1 standards for human-robot collaboration. The kinematics of the UR10 are similar to other anthropomorphic arms such as the PUMA 560. A distinguishing characteristic of the UR10 is that the wrist axes do not coincide as a single point, hence translation and rotation of the end-effector are loosely coupled. The Denavit-Hartenberg (DH) parameters for the UR10 are listed in Table 1 . A blasting nozzle is fitted to the end-effector as shown in Figure 13 . A human operator controls the motions of this tool via physical interaction with handles also attached to the end-effector. A tool-center-point (TCP) frame is defined 10 cm above the end-effector mounting plate to align with the center axis of the nozzle. A six-axis force-torque sensor (ATI Mini45) measures the operator's interaction with the robot which is used to generate TCP velocity commands using an admittance control loop.
Implementation of the proposed framework
The UR10 like most anthropomorphic manipulators has three distinct kinematic singularities; wrist-lock, elbowlock and head-lock. Elbow-lock can be avoided using the Table 2 . Asymmetric exponentially damped least squares damping parameters using in the experiment. EDLS scheme with the σ − parameters set above zero to fully attenuate motions along degenerate directions before the manipulator is at singularity. This effectively creates a margin surrounding the singularity so that elbow-lock cannot be reached, as was previously demonstrated in simulation. A virtual force can be used in conjunction with EDLS to repel users away from elbow-lock, but we prefer not to implement virtual forces unless necessary due to their non-dissipative nature. Asymmetric damping is utilized to improve the ability for the manipulator to move away from elbow-lock, improving the feel for the human operator. The EDLS parameters used are listed in Table 2 .
For wrist-lock and head-lock, although damping ensures that operation in proximity to these singularities is stable, it does not prevent the singular configurations from being reached. Virtual repulsive forces are used to discourage operation near head-lock and wrist-lock singularities.
Wrist-lock in the UR10 occurs when joint five is a multiple of π radians, i.e. q 5 = {−2π , −π , 0, π , 2π }. Distance to wrist singularity is conveniently expressed in the joint-space by function
Fig. 14. Admittance control loop used during experimental testing. The mapping from end-effector velocity (x) to joint-space velocity (q) was performed using the Jacobian J calculated using the proposed EDLS damping scheme. Fig. 13 . End-effector of the collaborative robot platform. The tool is a nozzle used for abrasive blasting. The human operator controls the tool motion using two handles that are connected via a forcetorque sensor for measuring the physical interaction.
The gradient of the function given by equation (24) 
Using equations (24) and (25) the repulsive force away from wrist-lock calculated as
with K W = diag ( [0, 0, 0, 4, 4, 4] ) to apply a maximum of 4 N.m in the rotational dimensions of the tool-space, and zero force in translational dimensions since these are independent of wrist-lock. The logistic function used to bound the forces is parameterized with d − = 0.1 and d + = 0.7. Head-lock in the UR10 occurs when the axis of joint four is vertically above the axis of joint one. Due to the non-coinciding axes of the wrist and the tool offset, this singularity is coupled to both position and orientation of the TCP frame. For simplicity the loose coupling with orientation can be ignored and the distance to head-lock singularity approximated as a function of the TCP frame position
The gradient of the distance function is used to calculate the repulsion force
The logistic function bounds the wrench using parameters d − = 0.3 and d + = 0.5. The gain matrix K H = diag ( [20, 20, 20, 0, 0, 0] ) set the wrench to have a maximum of 20 N in translational task-space dimensions, and zero torque in the angular dimensions. Figure 14 illustrates the admittance control loop within which the proposed framework is implemented. The interaction between the human operator and the robot, measured by the force-torque sensor, is represented by wrench f s ∈ R 6 containing force and torque components and is defined in the sensor frame. The sensor is fixed relative to the TCP frame with homogeneous transform
Admittance control
The wrench is transformed into the TCP frame using matrix A with S( ·) being the skew symmetric operator
The transformed wrench from the sensor is combined with the virtual forces used to repel the robot away from wristlock and head-lock singularity. Also included is a small virtual damping force f D . This was added not to aid operation around singularity, but because it improved the stability of the system overall, especially at high admittance gains. The combined force is multiplied by gain matrix K A containing linear and angular admittance gain parameters to produce the spatial end-effector velocity vector x. The end-effector velocity is mapped to joint velocities using the EDLS inverted Jacobian J given by equation (14) which incorporated asymmetric damping in its derivation. The resulting joint velocities are fed to the UR10 controller which follows the trajectory in real-time.
Evaluation
Evaluation of the framework and its ability to handle singularity was tested by performing motions that manoeuvered the manipulator close to singularity. Figure 15 compares how the elbow can be easily straightened when no singularity handing measures are implemented, compared to when EDLS is utilized. It is seen that EDLS is effective at stopping elbow-lock singularity from being reached, even when that is the intention of the operator. For testing the repulsion force away from head-lock an elastic band attached to the end-effector was used to pull the manipulator towards the singularity. Figure 16 shows how the repulsive force opposed the command generated from the elastic band, stopping the manipulator from reaching head-lock.
The sequence shown in Figure 17 shows similarly how the repulsive force was able to guide the manipulator away from wrist-lock singularity. Appendix 1 lists supplementary material to this article which includes videos demonstrating each experimental evaluation presented here.
Discussion
Simulation and experimental testing verified that the framework facilitates robot behaviors desirable for pHRI whilst operating in the presence of singularities. Although the experience for the user is improved, it is difficult to measure this improvement objectively. Future trials are needed to evaluate operator satisfaction when using the presented framework. Comparison with other methods would Fig. 16 . Demonstration of avoiding head-lock using the repulsive force. An elastic band attached to the end-effector is used to pull the manipulator towards head-lock singularity. Blue arrows indicate the direction of repulsive force opposing motions towards the singularity. help identify the most important factors for achieving an improved interaction experience for the user. Factors for investigation include:
• the benefit of decoupling singularities into linear and angular task-spaces; • if users prefer damping, virtual repulsive forces, or both; • if and how the improved interaction results in improved task performance.
Additionally, it is not yet understood how to best choose the parameters for improved user satisfaction. The interaction experience may be improved by using different damping parameters for linear and angular task-spaces, or using other measures of singularity rather than the smallest singular values to shape the damping applied. The asymmetric damping contributed much to the improved user experience. Most notably it improved moving away from elbow-lock which, with conventional symmetrical damping, would feel slow and undesirable. An interesting result was that the two damping profiles did not have to be significantly different for the asymmetric damping to have a noticeable improvement on the behavior. One concern was that switching between different damping profiles might result in a negative feeling for the user, but no such problem was observed. Reasons for this may include:
• when operating far from singularity both damping profiles are almost identical, hence switching has negligible effect; • the robot is typically stopped when switching occurs since the direction change (towards singularity vs away) is what triggers it; • the two profiles were not significantly different, which would reduce any artifacts from switching between profiles.
The framework was implemented on a six-DOF manipulator under an admittance control scheme. It is expected that the framework is generalizable for redundant manipulators, but this is yet to be evaluated. The framework is also yet to be evaluated with respect to other control modalities such as impedance control.
Performing SVD calculations can be computationally expensive with classical deterministic algorithms having time complexity of O( min( m 2 n, mn 2 ) ). In this work the SVD for the UR10 Jacobian matrix was calculated twice every control loop operating at 125 Hz. This was achieved without issue using an ordinary personal computer (Gigabyte Brix with Intel Core i7-4500U processor). Despite no problems arising, it may be challenging for other applications using low power computers, fast control-loop rates, or highly redundant manipulators to achieve real-time operation. This may be resolved by deriving a symbolic solution for the SVD which has been shown to significantly reduce the numerical complexity (Kirćanski, 1995) .
Conclusion
This work presented a novel framework for handling the operation of robots in the presence of singularity specifically designed for applications involving physical humanrobot interaction. An exponentially shaped damping was applied along degenerate dimensions to ensure stable and smooth operation near singularity. The use of an asymmetric damping scheme improved the response of the robot, particularly when headed away from singular configurations. A repulsive force field method was used to subtly guide the robot away from singular configurations. The framework was verified in simulation and successfully demonstrated on a real robotic system.
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